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Abstract 

Explicit construction of the second order left differential calculi on the quantum 
group and its subgroups are obtained with the property of the natural reduction: 
' the differential calculus on the quantum group GLq{2,C) has to contain the 3- 

dimensional differential calculi on the quantum subgroup SLq{2, C), the differential 

. calculi on the Borel subgroups B)^'{C), B}J>{C) of the lower and of the upper 

triangular matrices, on the quantum subgroups Uq{2), SUq{2), Spq{2,C), Spq{2), 

, Tq{2, C), Bl{C), Bu{C), Ug{l), Z^y{C), z|^^(C) and on the their real forms. The 

' classical limit — > 1) of the left differential calculus is the nondeformed differential 

calculus. The differential calculi on the Borel subgroups Bl{C), Bu{C) of the 
SLq{2,C) coincide with two solutions of Wess-Zumino differential calculus on the 
quantum plane Cq(2|0). 

CN ■ The spontaneous breaking symmetry in the WZNW model with SLq{2, R) quan- 

tum group symmetry over two-dimensional nondeformed Minkovski space and in 
the (T-models with SLq{2, R)/Up{l), Cq{2\0) quantum group symmetry is consid- 
er ■ ered. The Lagrangian formalism over the quantum group manifolds is discussed. 

The variational calculus on the SLq{2,R) group manifold is obtained. The classical 
solution of Cq{2\0) c-model is obtained. 

I. Introduction 

The left-(right-) invariant differential calculus on the GLq{2,C), matched with differ- 
ential calculi on the SLq{2,C) and on the Cg(2|0), was constructed in [1,2], the differ- 
^ \ ential calculus on the GLq{2,C), matched with the differential calculi on its subgroups, 

• was constructed in [3]. In this paper we shortly remember the basic states of the left- 

invariant consistent differential calculus and on this base we consider the two-dimensional 
WZNW model on the SLq{2, R) group over nondeformed M*^^'^) space. We obtained the 
expression for the background gravity and antisymmetric fields in the a-model approach 
to a relativistic string. Also, we considered the spontaneous breaking symmetry in this 
model and in the a-models on the quantum group manifolds SLq{2, R)/Uh{l) and on the 
Cg(2|0). We considered the infinitesimal transformations on the SLq{2,R) and obtained 
the commutation relations of the variational calculus on this group. 

II. Differential calculus on the GLq(2, C) group. 
The matrix quantum group [1] G = GLq{2,C) is defined by the q-commutation rela- 
tions (C.R.) of its group parameters. Let g G GLq{2,C) 

^ ^ ( i ) ^ ( c d ) ' ^^^^ = ^'^^^-'^ 

The Rg g-Telations in components have the standard form 

ab = qba, bd = qdb, be = cb, = Q' ~ ^ 

ac = qca, cd = qdc, ad = da + \bc 



O 



0^ 



> 
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The quantum determinant Dq is the central element and commutes with the group ele- 
ments ^ 

detqQ = Dq = ad — qbc = da c6, Dqg'l = g^Dq (3) 

The left-side exterior derivative of any function / of group parameters is 

*=(4)'^*' (4) 

The differential calculus on a quantum group is defined by C.R. between the group pa- 
rameters and theirs differentials, or between the group parameters and Maurer-Cartan 
1-forms 

The basic states of the left-invariant differential calculus are following: 

1. Following [5], we look for C.R. between 1-forms and group parameters in the form 

and A,B,C,D are 4x4 unknown matrices with complex entries. 

2 . The requirement 

H, {RT^Ts^t^ - t^t^rT)] = (7) 

leads to the equations for the matrices A,B,C,D 

A, B, C, D are the representation of a, 6, c, d. 

3 . For the quantum determinant Dq we define the quantum trace by the definition 

dDq = DqT^qUJ (9) 

We obtained 

dDq = Dq (uj^ + AfJ - \Bfuj^) = Dq (cj^ + DjJ - qCfJ' 



= Dq (lu^ + AfJ - -gCfj) = Dq (lu^ + Dfcu^ - qCfcu 

and additional conditions 



(10) 



a;2 + BlJ - qA]u^ = 0, + C'lJ - ^-^D\J = (11) 

4. The C.R. between 1-forms and the quantum determinant are 

LulDq = DqiAD-qBC)lio^ (12) 

5 . Differentiating the commutation relations between 1-forms and group parameters 
and using the Maurer-Cartan equation duj = —cu A a; we have the g-deformation of the 
algebra of the a;-forms: 
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All of this conditions are common for any differential calculus. 

6 . The last condition is the basic condition, which differs the matched differential 
calculus from the bicovariant differential calculus [6]. Instead of bicovariance condition 
we require 

UJ^'Dg = DqUO^ (14) 

which leads to the equation AD — qBC = 1. To solve the system of equations for the 
matrix F satisfying to this conditions we considered the following representation of algebra 
(8)0 

5 = C = AD = l. (15) 
We obtained the following expressions for the quantum trace 



dDr, = Dn 



D\uj^ + (1 + D\)uj^ 



(1 + A\)u^ + A\uj^ 



(16) 



where we used the composite indexes 1,2,3,4. Finally, we found the matrices A,D in 
terms of the independent variables 13 = D\, a = A\ 



A 



/ 1 -a+l 

i 

i 

V (3-1 



(1— a)a \ 











a 



D 



J 



( (3 a-1 \ 
g 
g 



l-/3+f ) 



(17) 



We found, that the algebra of the 1-forms can be decomposed on the algebra SLg{2,C) 
and the U{1) subalgebra only for unique value of the parameters 



a 



2q' 



In this case the commutation relations between the parameters and the 1-forms are diag- 
onalized after the choice of the new basis of 1-forms 



q + l/q 



l + q- 



(19) 



uj^a = q-^auo^ uo'^d = q^du^, 
uP'a = q'^au"^ uj'^d = qduj'^, 
u^a = q~^auj^ uj^d = qduj^ 



The other relations are found by making the interchanges a 
relations between 1-forms can be written as 



c, d 



(20) 



b. The commutation 



0, 



q^LO^uj'^ + q-^uW = 0, 
uj^uj^ + u^u^ = 0, 



q^LU^iU^ + q-^iu^uj^ = 



(21) 



1\2 



[UJ 



2\2 



[UJ 



3\2 



[UJ 



4N2 







f22) 



^ Note, that the solutions for the matrix F with S, C ^ , considered by author, lead to the differential 
calculi which have not classical limit {q — > 1). 
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9-^' (25) 



The algebra of the vector fields has the form 

^ V3V2 - qy 2V3 - Vi ^ g'VaVi - ?-'ViV2 = (1 + V2 .23) 
g'Vi V3 - g-' V3 Vi = (1 + g2) Vs [V4, V^] = 

After the mapping 

Vi, V2, Va, V4 ^ H, T2, T3, iV (24) 
Vi = V2 = g-^/^T, 

V4 = iV, V3 = ?-^/'T3 

we obtain the algebra UqGL{2, C) in the form of the Drinfeld-Jimbo algebra. 

[H,T2]^-2T2 [N,H]^[N,T2]^[N,n]^0 ^ ' 

Using the commutation relations between the parameters and 1-forms we obtained the 
C.R. between the parameters and its left differentials. 

da a = a da + %^ Trgu;, 
dec — q~'^ cdc+ Tr^o;, 
da c — q^^ c da + a c TiqUj, 

dca — q~^ a dc+ {q^^ — 1) c da+ c a Tr^o;, /g-^j 
dbb^q'^bdb + ^b^ TvqUJ, 
d{d) d^q'^ d{d) + '^ d? T^qUj, 
dbd^qddb+{q^ - l)b d{d) + ^bd TrgOJ, 
d{d) b^qb d{d) + ^db Tr^a;, 

dab = qb da + ^^2^ a b {qc db — a d{d)) + %^ a b TiqUJ, 
da d = d da + X b dc + a d{d da — ^ b dc) — a d Tr^o; 
dcb = bdc+ cb{dda-\bdc)- c b Tr^cu, 

dc d = q d dc+ ^^75-^ c d (d da — - b dc) — '■'^ c d Tr^u;, 



(28) 



db a = q '^ a db + ^^2^ b a (q c db — a d{d)) + ^^^p^ ^ a Tr^o;, 
db c = c db + ^^^-^ b c {d da — ^ b dc) — -^^-^ & c Tr^u;, 
(i((i) a = a (i((i) — A c dfo + d a (d da — ^ b dc) — ^^-^^ d a Tr^o; 
rf(rf) c = c d{d) + ^si-il c (d da - i 6 rfc) - d c TigU 

III. Differential calculus on the subgroups of the GLq{2, C) and on the their 
real forms. 

To obtain the differential calculus on the Borel subgroups B^l\C) and B^^\C) of the 
lower and the upper triangular matrices it is necessary to use in the formulas 
(20,21,23,27,28) the surjections tt : GLq{2,C) Bf\C) such that 7r(6) = 0,7r(a;2) = 

0, 7r(V2) = and TT : GLq{2, C) B^u\C) such that 7r(c) = 0, 'k{uj'^) = 0, 7r(V3) = 0. 
For the unitary matrices g and antihermitian uj'': — g~^,ijj^^ — —u^. 

_ ( a —qDqC* \ aa* + q'^cc* — 1, a* a. + c*c =1, ^ _ , . 

^~\c Dqa* j ' cc* = c*c DqDl = 1, ^ ~ ^ ^^^> 



the formulas (20,21,23,27,28) define the left differential calculus on the Uq(2) group. 
To obtain the left differential calculus on the SLq{2, C) it is necessary to suppose ad- 
ditional constraints Dg — 1 and dDg — DgTrgCU — 0. It is possible, so the quan- 
tum determinant Dg commutes with the 1-forms and dDg = is satisfied by vanishing 
— TrqO; = a{quj^ + -o;^) = 0. As a consequence of these conditions we obtained three- 
dimensional differential calculus, which is independent of the parameters a and Thus, 
we have the next commutation relations on the SLq[2, C) group 



u a = q ^aw u) a = q^dw^ 12, 421 

oj a = q au u^d = qdu'^ , n 4,1 ^ (30) 

CU^CU^ + q~^U!^U!^ = 



cu^a — q ^acu^ cu^d — qduj^ 



and other relations arc made by interchanging a ^ c, d ^ h. The algebra of vector fields 
in this case has the following form 

?'ViV3 - ^-'VaVi = (I + OV3 

g^VaVi - g-2ViV2 = (1 + g") V2 (31) 
VaVa-g^VaVg = Vi 

The quantum group Spg{2, C) is defined by condition T* J2 = J2T~^, where 

and coincides with SLg{2,C) group. 

It is possible to introduce the two solutions of the differential calculus of Wess - Zumino 
on the quantum plane Cg(2|0) as the Hopf algebra surjcctions tt : SLq{2,C) Bl{C) = 

SLg{2,C) n bP{C) such that 7r{b) = 0, 7r{uj^) = 0, 7r(V2) = and tt : SLg{2,C) 

Bu{C) = SLg{2, C) n B^^\C) such that 7r(c) = 0, i^iuj^) = 0, 7r(V3) = 0. 



n . = „ ! (33) 







The quantum group SUg{2) — SLg{2,C) n Ug{2) and the differential calculus on this 
group can be obtain from the differential calculus of the SLg{2, C) group by the surjection 

TT : SLq{2,C) SUq{2) such that 7r(d) = a*, 7r(6) = -qc* . 

There are subgroup Uq{l) ®Uq{l): the diagonal subgroup of the Ug{2) which obtained 
by the surjection tt : Ug{2) — >• Tg(2, C) such that 7r(c) = . 



T,(2,C)= " (34) 




and the diagonal subgroup of GLq{2,C) (tt : GLq(2,C) Tq{2,C) such that 7r(6) = 
7r(c) = 0). The differential calculus on this groups is the deformed calculus. 
The SUg{2) group has the Ug{l) subgroups: the diagonal subgroup of Ug{2) 



j= „ (35) 
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and diagonal subgroup of SLg{2, C) 



There are, also, two subgroups Zl_ (C) and ZX'{C) which can be considered as cosets 
zi^)(C) = GLg{2,C)/BP{C) and Z^^\C) = GLg{2,C)/B'i\C) . The matrix elements 
a, b, d commute with c for the Z_ (C) and matrix elements a, c, d with b for the Z\_ (C) . 

The quantum subgroup Spq{2) = SUq{2)nSpq{2, C) coincides with the SUq{2) group. 

The quantum subgroups Oq{2, C), SOq{2, C) and SOq{l, 1) are the discrete group Z4, 

The real forms of the quantum group GLq{2, C) and of its subgroups and the dif- 
ferential calculus on this group and subgroups can be obtained taking into account the 
conditions a"*" — a,b'^ — b, c+ — c, d'^ — d. Thus we can obtain the differential calculi on 
the quantum group GLq(2, R) and on its quantum subgroups B^^\r), B^\r), SLq(2, R), 
SPq{2,R), Bl{R), Bij{R) and on the real quantum plane i?g(2|0) . 

IV. WZNW model SLq{2, R) and cr-models on the quantum group manifolds 
SLq{2, R)/Uh{l), Cq(2|9) and infinitesimal transformations on the quantum group 
space. 

1. Differential calculus on the SLq{2,R) 

The matrix quantum group [4] G = SLq{2, R) is defined by the q-commutation rela- 
tions (C.R.) of its group parameters. Let 

_ ( ct b \ ab — qba, cd — qdc, cb — be . _^ 

^ y c d J ^ ac — qca, cd — qdc, ad — da+ {q — q~^)bc 

a, b,c,d - hermitian, |g| = 1, DetqQ = ad — qbc = 1. 

For any elements g, g' G SLq{2,R) element g" = g'g will belong to SLq{2,R) if a'^'a' = 
a^a'^' . In the Gauss decomposition [7] 

^-(i ''](' ^-f.'] (38) 



the C.R. are: 



p^± = qv±p, ^-^+ = (39) 

Let the quantum group is a manifolds of any possible transformations g' = gg^. There 
are two kinds of the variation: the variation in the neighborhood of the arbitrary point 
of the group space g' = g + dg and variation in the neighborhood of the unit of the group 
g — 5g. First variation defines the group invariants: element of the distance between 
two neighboring points, element of the volume around the point. Second variation defines 
the group symmetry of this invariants. The C.R. between the variation dg and g define 
the type of the differential calculus. 

Let uj = g~^dg is the left differential Maurer-Cartan 1-form 

, Tr^o; = g^o;! + o;^ = (40) 
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The second order differential calculus on the SLg{2, R) group is defined by the C.R. 

The C.R. between the group parameters and their difi^erentials arc more complicated: 

(42) 



dpp = ^pdp, dip+cp+ = ^^+dip+ + (g^ - l)(^+ci<^- 
dip-ip- = q^ip-difi-, dpip- = qip-dp 



d(fi^(f+ — q'^(fi+d(fi^, d(f+(fi^ — ■^(p-d(f+, dpd(f- — —qdip^dp 
dip -dip — —q^d(f+d(fi-, dip^p — -pdip^ 



d^+p = \pd^+ - q{q^ - l)^\pd^-, dp^+ = q<p+dp - q^{q^ - l)^\pd^- 
dpdip+ + qdifj^dp + q^{q^ — l)ip\dip-dp — ^'^ ip+pdip_dip+ — 



The Maurer-Cartan 1-forms are: 



(43) 
(44) 



uj^ — p ^dp + ip+dip-, uj^ — -p'^dip^ — (f'ip\.p^dip-, up' — qp '^dip- (45) 

q 

u^u? + q^u?u^ = cuW + q-^cu^cu^ - (46) 

+ g^^cj'^cj^ = 

The left vector fields can be obtained from the applying the left differential to an 
arbitrary function on the quantum group df — {f-£j;)da^ — (/Vifc)'^'^- 

V = ( Ym Vi = Vi - g'V4 V4 = Vi + V4 (47) 

V Vs V4 / 

The C.R. for vector fields have the following form 



pVi = ^ViP + p, v^_Vi=ViV^-, v^+Vi = ViV5+, 



g'ViVa - ^VaVi = (g' + 1)V3, 

g'VsVi - ^ViV2 = (g' + 1)V2, (49) 
VaV2 - ^V2Va = Vi 



and Vfc have the form 



Vi = ^P, V2 = -^P - + 5^nP , Va = (I-K—P 50 

ap g a(^_ op aip^ oipj^ 

The left vector fields and the left derivatives act on the any function of the group param- 
eters from the right side. 
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2.WZNW model on the SLq{2,R) group. 

The existing of the quantum group structure in the WZNW model was shown in [8,9]. 
The (T- models on the quantum group spaces was considered in [7,10-12]. To construct the 
WZNW model with SLq{2, R) group symmetry, we consider the space M^^'^^ ® SLq{2, R), 
where base space M^-^'^^ is the commutative (nondeformed) space. The element of the 
volume in M^^'^^ space, which is the invariant of SLq{2, R) group, is 

2e^Pdz^ A dzP q\ ix j , y j 

where cu{d) = u^dz^, z'^eM^'^ = 1, 2. For any 2x2 matrix A, TvgA = q^A^ + A^. As a 
result we have 

Tr,(a;^a;'^) = q\2\qp-''d^pd^ p + q\2\p-\^{d^if_d^ p +^-d^pd^^.) + 

{d^^-d''^+ + q^d^^+d''^.) - q\q' - l)^ld^^.d^ip. 
The C.R. are now in the same space-time point and dp = dfj^pdz^", dif± — dfj,(p±dz^ and 
[iT-jq = '^q-q-i ■ ^he Wess-Zumiuo term 

Trq{uj{d) A uj{d) A uj{d)) = ^BMle^^''^dxip-'d^pd,^.^+)dh (52) 

is the total derivative. Finally, the WZNW-action with the SLq(2,R) quantum group 
symmetry describes the 2-dimensional relativistic string in the background gravity and 
antisymmetric fields 

S[p, (^_, = ^ / d^ziGABd^X^'d'^X'' + BABS^.d^^X^d^X''), (53) 

where X"^ = (p,ip-,Lp^) and the background gravity and antisymmetric fields have the 
following form: 

g5[2],p-2 g4[2],p-V+ 
Gab^I g'[2],p-V+ -q'{q' -IWI 1 | (54) 
g2 



_ qW]q 1 
-DAB — <P+P 



/ 1 \ 

-10 

V / 



(55) 



The group symmetry of this model is SLq{2,R) (g) SLq{2,R), because under the left 
multiplication on the group g' = qqq the differential forms of Cartan are invariant, uj' — uj, 
and under the right multiplication g' — ggo the differential forms are covariant, cu' — 
gQ^cugo. But Tr-qA is invariant of the transformation A' = gQ^Ago, because the elements 
of matrix A commute with the elements of matrix go, by definition of the quantum group. 
Therefore, this model describes the spontaneous breaking of the SLq{2, R) (g) SLq{2, R) 
symmetry to the SLq{2, R) one. 
3.(7-model on the SLq{2, R)/Uh{l) group. 
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Let us consider the spontaneous breaking symmetry in the a— model with the 

SLg{2, R)/Uh{l) group symmetry. Let G = KH, K-coset, H-subgroup. The Maurer- 

Cartan 1-forms 

k-'dk^( , ^^7 ]=u; + e, (56) 

where ueK, 9eH and the coset elements ip± commute with the subgroup parameter p 
and satisfy to C.R. of SLq{2,R) group among themselves. There is a question: how does 
coset and subgroup separate from k~^dk ? In opposite to the classical case, there is the 
3-parametric family of the ^7(1) subgroups. The Lagrangian has the following form: 



where Cn{q) depends on the choice of a subgroup. There are three most interesting exam- 
ples. 

1). Nondeformed U{1) subgroup : Ci = ~^ '^'^ 

The algebra symmetry of this Lagrangian is defined by the Maurer-Cartan equations: 

de^-(^'^J ^^^uju; + (q'^-l)u;e,du;^-(^^ cou; - q^[2]qu;9,9u; ^ q'^coe (59) 
The C.R. between the coset and the subgroup forms are common for all of the examples 



cu^cu^ + q^cu^cu^ = 0, cu^cu^ + (^iJ'iJ' = 
u^u? + q^iJ'u^ = 0, u^u? + q^o?u^ = 



(60) 



2). Classical coset structure: C2 = 



dQ = —LULU, dLU = —Lu9 — 9lu, 9lu = q^u9 (62) 
3). There is one of the examples of the 2- parametric family Uq{l) subgroups: 

- - - ( 'o- ) • ^ - ( I -e ) 

d9^-(^'^^ ^^^ujuj+{q^-l)uj9, duj^-i^^ ^^^ujuj-q\2\quj9,9uj^q^uj9 {U) 

Why we have obtained different algebras of a symmetry for the same subgroup? That is 
possible because we can use the different map from the algebra to the group, for example: 

g = exp((/7_T+) exp((^+T_) exp(lnpT3), (65) 



9 



where r are the Pauh matrices - the fundamental representation of the Uq{SL[2, R) 
algebra.The group stabihty of the vacuum is f/(l). In the another parametrization 

g = exp(<^_r+) exp(vp+r_)(l - ^^^Vs)^^, V3 = ( J _° 2 ) (66) 

the group stabihty of the vacuum is Uq{l). The group symmetry of this Lagrangians is 
SLg{2,R) spontaneously broken to Up{l), p = q^'^"',n = 0,1.... Under the left multi- 
plication on the group g' = gog, the differential form g^^dg = h^^{uj + 6)h = g'^^dg' . 
Therefore, uj' -\- 9' — h'h''^{LV + 6)hh'~^ . Again, the decomposition on the coset and 
the subgroup forms is not unique after the transformation . The group transformation 
can transform the Lagrangian with the t^pi(l) subgroup of the vacuum stability to the 
Lagrangian with the Up.^{l) subgroup. 
4. Variational calculus on the SLq{2,R) group. 

It is possible to obtain the variational calculus on the group by two ways: from the C.R. 
between the left vector fields and group parameters and from the infinitesimal transfor- 
mations on the group. Let us multiply the C.R. (48) between V„ and group parameters 
on the parameters of transformation i?". The form of the infinitesimal transformations of 
the group parameters is obtained under the requirement 

3 

[XA,VnR'']^XA5 ^XaY.^r^, Xa^{p,V-,V+), [A,B]^AB-BA (67) 

n=l 

By imposing the C.R. between the parameters of infinitesimal transformations and group 
parameters 

pR^ = q^R^p, (f-R^ = i?V-, ^+R^ = 

pR^^qR^p, cp-R^ ^ R'^cp-, ip+R^^R^cp+ (68) 
pR^ = qR^p, cp^R^ = V+R^ = 

we obtain the infinitesimal transformation of the group parameters 

p5 = pR^ ^ v+p'R^ = yR\ v'+7 = q^WR^ + gp-'i?' (69) 

In the terms of the components 5 the infinitesimal transformations have the following 

form: ^ ^ ^ 

p5r^ = pR^, p6r2 = ~ip+p^R^, p5r3 = 
ip.^Ri = 0, (^_7r2 = yR^, ipjjis = (70) 

V'+^Ri = 0, ip+^R2 = qif+'^p'^R^, if+^RS = qp-^R^ 

We postulate the UqSL{2, R) algebra of the vector fields in the form, which it is common 
for a boson theory and a supersymmetric theory 

[ViR\V2R^] = {q^ + l)V2R'K\ 

[VzR\ViR'] = {q' + l)V,R^R\ (71) 

It is possible, if we suppose the following C.R. between the infinitesimal parameters and 

the vector fields: 

R'V2 = j,W2R^ R^Vi = q'ViR^ + qHq^-l)R^ R'V3 = q^V3R' .^2) 

R'Vi^^,ViR'+'^R' R'V2^V2R' R'Vs^VsR' ^ ^ 
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It means, that we have the same C.R. between basis of 1-forms and basis of vector fields 



The same rcsuh wc can obtain from the right infinitesimal multiplication on the group 
9' = 99o, where = 1 + Sgo- For 

^30- _^f^i) (74) 

we see, that dg — g6go and C.R. for have the following form: 

R^R^^q^R^R\ R^R'^q^R'R^ R^R^^q^R^R^ (75) 
simultaneously with the condition = —q^R^. The C.R. of the variational calculus 

{iP-^5)p^\p{iP-^5) (77) 

{v+5)p^\p{v+5) - q{q^ -l)v%p{^-5), {ip-5)ip+^ q^ip+{ip-5) ^^^^ 
{pS)cp+ = q^p+{p7) - q^{q^ - l)(^X(/?-7), = ^(/?_((/?+7) 

are consistent with the C.R. (39) and are coincide with the C.R. of the differential calculus 
(42,43). The Uq{SL{2, R)) algebra in the form (71) is the condition of the compatibility 
of the relations (69,70) 

X^[7^i,42] =X^(g2 + l)7^,^, 

X^[5ji.,^nA = X^{q' + 1) 5«3«i (79) 

5. Equations of motion 

We use the extremum principle of the action to obtain the equations of motion and we 
must to commute the variations of fields and their derivatives on the right or on the left 
side. We can use both variation dX"^ and X^5 to do this. The C.R. of the differential 
calculus on the SLq{2, R) group are insufficient to do ordering. Therefore, we need in 
the differential calculus on the Lagrangian manifolds {p,(p±, p,(p±, p,(p±)- This is not 
the quantum group manifold and we can not use the formalism of 1-forms. We can 
require, that the Lagrangian equation of motion be coincident with the conservation law 
d/j^cu^ — for Lagrangian with SLq{2, R) group symmetry. At last, we can investigate 
the 1- dimensional a- models. The variational calculus is more suitable to obtain the 
equations of motion. The C.R. between the X^, X^, X^ and i?", R", R^ can obtain by 
differentiating the relations (68). 

pR^ = q^R^p pR^ = q'^R^p pR^ = R^p 

pR^^qR^p pR^^qR^p pR?^qR?p (80) 
pR^ = qR^p pR? = qR^p pR^ = qR^p 
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The derivatives of <^± commute with the derivatives of i?". 

6. One dimensional a- model on the quantum plane Cq(2|0). 

The differential calculus on the Cg(2|0) is coincide with the differential calculus on the 

Borel subgroup of SLq{2,C) and can be obtained from the differential calculus on the 

SLq{2,C) by surjection: n:SLq{2,C) Bl such that n{b) = 0. 

/ X \ xy = qyx yy = q'^yy 
y y x^^ y ' xx = q~'^xx xy = q~^yx 

^ y xdy - qydx -q^x~^dx j ' ^ q^ ^ ' 

In term of the variables p, ip± 

( p \ I p-'dp \ 

^ - U+p J' y^^^ -^"p-'dp ) ^^^^ 

L = lTrq{u;,u;n = '^^^^p-'p' (84) 

The equation of motion uj^ = p^^p — q^p^^fP' = will coincide with Lagrangian equation 
, if we impose the C.R. dpp = ^pdp. The classical solution of this equation is 

p = aexp{pt), a[3 = q^(3a (85) 
and C.R. in the different time points are 

Pit)p{t') = p(gV)p(it), p(t)p(t') = exp[g2(g2 _ l)f3[(t - t')]pit')p{t) (86) 

There are 4x4 matrix representations of a, j3 such,that detga = or detq(3 = 0. Therefore, 
we can rewrite this Lagrangian as a 4 x 4 matrix model for the commuting fields. In 
conclusion, we note that 2-dimensional a-model on the guantum plane 

L = ^^feililp-a^pa-p (87) 

leads to the C.R. dpp = -^pdp and the equation of motion d^d^ p — q^ p~^di^,pd^ p = 0, p = 
1,2. 
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